A definable pair of disjoint non-OD sets of reals (hence, indiscernible sets) exists in the Sacks and E 0 -large generic extensions of the constructible universe L.
Introduction
Let a twin partition be any partition of a given set U into two nonempty cells A and B. We refer to U as the universe of discourse, and each of A and B as a twin. Assume that some robust notion of definability D is chosen in advance, e. g., D might be ordinal definability OD, or D might be ∆ 1 1 definability, or something similar. In this context, a twin partition U = A ∪ B can be called D-definable in one of two senses: strongly D-definable, i. e., each of the twins A and B is D-definable;
weakly D-definable, meaning that the partition {A, B} of U , considered as an unordered pair, is D-definable.
Strong D-definability clearly implies weak D-definability. The "twin problem" for a given notion of definability D is whether the converse holds. The twin problem obviously has a positive answer provided the domain of discourse U contains at least one D-definable element x, then one cell of the partition consists of those x ′ that share the same cell of the partition as x, and the other cell is just the complementary set. This provides a trivial positive solution for the twin problem when U = ω, or when U is the class of ordinals, and generally when U admits a D-definable well-ordering. Now let's focus on the case when U is the set of real numbers. The twin problem admits a positive solution in the case of ∆ 1 1 definability. Indeed it follows from Theorem 3.1 below that if a ∆ 1 1 equivalence relation E on a ∆ 1 1 set U of reals has precisely two (or even countably many) equivalence classes then each E-class is itself a ∆ 1 1 set. The problem also admits a positive solution in the case of ∆ 1 2 definability because every non-empty Σ 1 2 set of reals contains a ∆ 1 2 element (see, e. g., 4E.5 in Moschovakis [13] ). But slightly above of ∆ 1 2 there is a significant obstacle, as indicated by the following theorem.
Theorem 1.1 (the Sacks part originally by Solovay 1 ). Let a ∈ 2 ω be either Sacks generic or E 0 -large generic 2 over L. Then it is true in L[a] that there is a Σ 1 2 equivalence relation Q on 2 ω with exactly three equivalence classes, one of which is equal to 2 ω ∩ L, while two others are non-OD sets whose union is equal to the Π 1 2 set 2 ω L.
Under the assumptions of this theorem, we have we have a weakly definable, but not strongly definable, partition of the Π 1 2 set U = 2 ω L into two equivalence classes of Q. Let A, B be those equivalence classes. As the relation Q is lightface Σ 1 2 , the unordered pair {A, B} is an OD set, basically, a definable set, whose two elements (disjoint non-empty pointsets A, B ⊆ 2 ω L) are non-OD, hence, are OD-indiscernible.
Models of ZF or ZFC containing OD indiscernible pairs of (non-OD) disjoint sets of reals are well-known. Such is e. g. any Sacks×Sacks extension L[a, b] of L, where an OD pair of non-OD sets consists of the L-degrees of the Sacks reals a, b, see [6] and also [2, 4] . Another model with an OD pair of countable disjoint non-OD sets is defined in [5] . Yet those examples fail to fulfill the property that the union of the two sets is equal to the whole domain of nonconstructible reals.
Generally, OD indiscernible pairs (not necessarily OD pairs) of disjoint sets of reals can be extracted from early works on Cohen forcing. In particular, if a, b is a Cohen-generic, over L, pair of a, b ∈ 2 ω , then the E 0 equivalence
(essentially by Feferman [3] ) and so are the constructibility degrees
On the other hand, it is established in [8] that, in some models of ZFC, including the Sacks extension of the constructible universe L, it is true that any 1 See Section 9 on the history of the result 2 That is, generic w. r. t. the forcing by perfect sets P ⊆ 2 ω such that the restricted relation E0 ↾ P is not smooth, see below. Recall that the equivalence relation E0 is defined on 2 ω so that x E0 y iff the set ∆(x, y) = {k : x(k) = y(k)} is finite. countable OD (ordinal-definable) set of reals consists of OD elements. A similar result in much more general setting is known from [1, Thm 4.8 ] under a strong large cardinal hypothesis.
Outline of the proof
To prove Theorem 1.1, the required equivalence relation will be obtained as the union of an increasing transfinite sequence B α α<ω 1 of countable Borel equivalence relations. The sequence is defined in L, the ground universe. The following is a principal definition related to this construction. Definition 2.1. A double-bubble system, DBS for brevity, is a pair of countable Borel equivalence relations B, E on 2 ω , such that each E-class is the union of a pair of distinct B-classes.
Thus the extension essentially means that the equivalence classes of the original equivalence relations are merged in countable bunches, but in such a way that the two B-classes within the same E-class are never merged. We are going to define a certain -increasing increasing sequence B α , E α α<ω 1 of double-bubble systems B α , E α in L, the ground universe, and B= α B α will be the equivalence relation required. This will take some effort. Another example consists of the equivalence relation E 0 (see Footnote 2), and its subrelation E even 0 , defined so that x E 0 y iff the set ∆(x, y) has finite even number of elements; E even 0 , E 0 is a DBS and obviously B, E E even 0 , E 0 .
Canonization results used in the proof
Here we present some well-known results of modern descriptive set theory involved in the proof of Theorem 1. [15] ). Suppose that E is a Π 1 1 equivalence relation on a Borel set X ⊆ 2 ω . Then either E has at most countably many equivalence classes, or there exists a perfect partial E-transversal 3 .
If moreover X is lightface ∆ 1 1 and E is lightface Π 1 1 then all equivalence classes are lightface ∆ 1 1 in the "either" case.
Suppose that E is a Π 1 1 equivalence relation on a Borel set X ⊆ 2 ω . Then there is a perfect set Y ⊆ X such that E coincides on Y with: − either (I) the total equivalence TOT making all reals equivalent;
− or (II) the equality, so that Y is a partial E-transversal.
If in addition E is countable 4 then (I) is impossible.
Proof. In the "or" case of Theorem 3.1 we have (II). In the "either" case pick an uncountable equivalence class C and let Y ⊆ C be any perfect set.
Proof. This is a well-known fact, of course, yet it immediately follows from Corollary 3.2. Indeed define a Borel equivalence relation E on X such that x E y iff f (x) = f (y). Apply Corollary 3.2.
Now we recall some definitions and results related to
for any a ∈ 2 ω , and define a canonical E 0 -large set X u = {x a u : a ∈ 2 ω }. Each canonical E 0 -large set X u is perfect, and E 0 -large via the map a → x a u . On the other hand, it is known (see e. g.
Theorem 3.4 (Theorem 7.1 in [10] , or else [12] ). Suppose that E is a Borel equivalence relation on 2 ω , and X ⊆ 2 ω is a E 0 -large set. Then there is a canonical E 0 -large set Y ⊆ X such that E coincides on Y with: − either (I) the total equivalence relation TOT;
− or (II) the relation E 0 ;
4 An equivalence relation is countable iff all its equivalence classes are at most countable. 5 Recall that an equivalence relation E on a Borel set X is smooth if there is a Borel map f : X → 2 ω such that we have x E y iff f (x) = f (y) for all x, y ∈ X . The equivalence relation E0 is non-smooth on 2 ω , meaning that such a Borel f does not exist. See Example 6.5 in [11] . − or (III) the equality.
Proof. Define a Borel equivalence relation E on X such that x F y iff x, y ∈ Z or x, y ∈ X Z . Apply Theorem 3.4. As E has just two equivalence classes, only (I) is possible.
As a forcing notion, the set P E 0 of all canonical E 0 -large (perfect) sets adjoins reals of minimal degree, preserves ℵ 1 , and has some other remarkable properties resembling the Sacks forcing, see e. g. [10, Section 7.1] and references thereof. - 
We define the equivalence relations E ′ , B ′ as follows.
, so such a E-class and its B-subclasses are not changed. But within ∆ some classes will be merged.
A Proof. By Corollary 3.2, there exist perfect partial E-transversals X 0 ⊆ X and R 0 ⊆ R. Let R 0 = R 1 ∪ R 2 be a partition into two disjoint perfect sets. Then
Let R 1 = R ′ ∪ R ′′ be a partition into two disjoint perfect sets. It follows by construction that (*) the Borel sets Y, R ′ , R ′′ are pairwise disjoint and the union ∆ = Y ∪ R ′ ∪ R ′′ is a partial E-transversal. Let f : Y → R ′ and g : Y → R ′′ be arbitrary Borel 1-1 maps.
We define the equivalence relations E ′ , B ′ as follows. If x ∈ 2 ω and the E-
so such a E-class and its B-subclasses are not changed. But within ∆ some classes will be merged. Proof. By Theorem 3.4, we w. l. o. g. assume that E coincides with E 0 on R. By definition, R = X r for a E 0 -matrix r = r i n n<ω,i=0,1 . Now let p = p i n n<ω,i=0,1 , q = q i n n<ω,i=0,1 , where p i n = r 0 2n r i 2n+1 , q i n = r 1 2n r i 2n+1 . Thus p, q are E 0matrices, and the sets X p , X q satisfy
To conclude, we have canonical E 0 -large sets X 0 ⊆ X and R ′ ,
We (ii) if X, R ⊆ 2 ω are perfect sets, then there exist: a perfect set Y ⊆ X , an ordinal α < ω 1 , and Borel 1-1 maps f, g : Y → R, such that B α , E α corralls f positively and corralls g negatively;
(iii) the sequence of pairs B α , E α is ∆ 1 2 , in the sense that there exists a ∆ 1 2 sequence of codes for Borel sets B α and E α .
Proof. An obvious inductive construction using lemmas 4.2, 4.3, that takes a Gödel-least code of all possible pairs fitting the given inductive step, with the obvious union at limit steps . Proof. (i) To see that E is an equivalence relation, let a, b, c ∈ W and suppose that a E b and a E c. Then by definition we have a E α b and a E α c for some α < ω 1 . However being an equivalence relation is absolute by Shoenfield's absoluteness theorem [7, Theorem 25.20] . Therefore b B α c holds, as required.
(ii) holds by Theorem 6.1(iii).
It is a known property of the Sacks forcing that there is a Borel 1-1 map f : 2 ω → 2 ω with a code in L, such that b = f (a 0 ). 7 It follows then from Theorem 6.1(i) that there exists a perfect set X ⊆ 2 ω , coded in L and such that a 0 ∈ X and E α corralls f ↾ X for some α. In particular, a 0 , b ∈ E α , hence we have a 0 E b as required.
(iv) Let a, b, c ∈ U ; prove that two of these reals are B-equivalent. Note that a E b E c by (iii), and hence there is an ordinal α < ω 1 such that a E α b E α c. However containing exactly two B α -classes in each E α -class is absolute. It follows that at least one pair among a, b, c is B α -equivalent, as required.
(v) Suppose to the contrary that M is OD. Then M is Sacks-forced over L, meaning that there is a perfect set R ⊆ 2 ω , coded in L and such that R∩U ⊆ M in L[a 0 ]. By Proposition 6.1(ii), there exist: a perfect set Y ⊆ 2 ω coded in L and containing a 0 , an ordinal α < ω 1 , and Borel 1-1 maps f, g : Y → R, also coded in L and such that E α corralls f ↾ Y positively and g↾ Y negatively. In other words the reals b = f (a 0 ) and c = g(a 0 ) in U ∩ R satisfy a 0 B α b, a 0 E α c, but ¬ (a 0 B α c). It easily follows that b B c, which contradicts the fact that b, c belong to one and the same B-class.
To conclude, it is true in the Sacks extension L[a 0 ] that B is a Σ 1 2 equivalence relation on 2 ω , and the nonconstructible domain U = 2 ω L (a Π 1 2 set) is equal to the union of two (non-empty) B-equivalence classes, which are non-OD sets. Now, to prove Theorem 1.1 (Sacks case), it suffices to define the required equivalence relation Q on 2 ω in L[a 0 ] as follows: x Q y iff x B y or just x, y both belong to L.
(Theorem 1. (iii) all reals x, y ∈ U are E-equivalent;
(iv) there are exactly two B-classes intersecting U -call them M , N ;
(v) the sets M, N are not OD, hence M ∪ N = U .
Proof. The proof of claims (i), (ii), (iii), (iv) goes on similarly to Lemma 7.1, with some obvious changes mutatis mutandis, in particular, the reference to Corollary 3.3 has to be replaced by Corollary 3.6 in Footnote 7, the Proposition 6.1 by Proposition 6.2, and so on. But the last claim needs special attention because not all new reals in L[a 0 ] are E 0 -large-generic unlike the Sacks case.
(v) First of all let's prove that each of the classes M, N of (iv) contains a real b ∈ 2 ω E 0 -large-generic over L. Indeed in view of (iv) it suffices to prove that (*) there are E 0 -large-generic, but not B-equivalent, reals b, c ∈ L[a 0 ] ∩ 2 ω . Emulating the proof of Theorem 7.1(v), but using 6.2(ii) instead of 6.1(ii), we find a canonical E 0 -large set Y ⊆ 2 ω , coded in L and containing a 0 , an ordinal α < ω 1 , and canonical E 0 -large maps f, g : Y → 2 ω , also coded in L and such that E α corralls f ↾ Y positively and g↾ Y negatively. We conclude that the reals b = f (a 0 ) and • E is ordinal definable.
The two distinct but indiscernable members of the generic extension are the two equivalence classes of E.
The proof is a bit too involved to type in using a web-interface like yahoo. (Shades of Fermat's margin!) The proof uses one standard but relatively deep fact from descriptive set theory. If B is an uncountable Borel set, then B contains a perfect subset.
-Bob P.S. I don't use much about L. Just that it satisfies V = OD and is uniformly definable in any extension and that it satisfies CH. 11 [End]
The above proof of Theorem 1.1 in the Sacks case obviously more or less follows Solovay's outline. In light of the key role of the Silver Dichotomy in the proof presented here, we don't know to what degree it coincides with the original proof by Solovay in all important details. Upon the completion of the proof, the co-authors contacted R. M. Solovay, with an invitation to join as a co-author of this note, but he unfortunately did not accept our invitation.
